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Abstract
In the article the authors present a numerical method for modelling a laminar-
turbulent transition in magnetohydrodynamic flows. The equations in the small
magnetic Reynolds numbers approach is considered. Speed, pressure and electrical
potential are decomposed to the sum of the state values and the finite amplitude per-
turbations. A solver based on the Nectar++ framework is described. The authors
suggest to use of small-length local disturbances as a transition trigger. They can be
imposed by blowing or electrical enforcing. The stability of the Hartmann flow and
the flow in the bend are considered as examples.
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1 INTRODUCTION
Liquid metals are widely used in industry: in the blankets of advanced nuclear and thermonuclear reactors, in the large liquid
metal batteries for wind and solar energy storage, in metallurgy, and so on. The facilities involved all must have a large number
of pipes, valves and pumps. The magnetic field has strong influence on the liquid metal flows in them. This magnetic field can be
inherent part of the technological process, as in a fusion reactor, where it holds the plasma. As is observed in nuclear reactors,
the magnetic field can occur spontaneously due to the thermoelectric currents. The magnetic field can be imposed to control
fluid movement as valves or pumps. For the design of all these devices, it is important to know the transition mechanisms from
laminar to turbulent motion. Such studies can only be done numerically. We proposed a spectral-element magnetohydrodynamic
solver [1]. The solver allows to investigate MHD flows and their stability. In this paper we propose a modification of this solver
to deal with the case of nonlinear stability.
2 BASIC EQUATIONS
Consider magnetohydrodynamics equations in the form
휕풗
휕푡
+ (풗 ⋅ ∇) 풗 = −1
휌
∇푝 + 휈Δ풗 + 푭 (풗,푩0),
∇ ⋅ 풗 = 0,
(1)
where 풗 is the velocity, 푝 is the pressure, 휈 is the viscosity, 휌 is the density, 푭 is the magnetic force, and 푩0 is the imposed
magnetic field. In most engineering applications, an inducedmagnetic field is very small as compared with the imposedmagnetic
field [2]. By neglecting the induced magnetic field, Ohm’s law becomes
풋 = 휎
(
−∇휑 + 풗 × 푩0
)
, (2)
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2where 풋 is the density of the electric current, 휑 is the electric potential, and 휎 is the conductivity. Using the law of conservation
of electric charge (푑푖푣풋 = 0), it is possible to derive the equation for electric potential as:
Δ휑 = ∇ ⋅ (풗 × 푩0). (3)
The system (1) can be written in the form:
휕풗
휕푡
+ (풗 ⋅ ∇) 풗 = −∇푝 + 1
푅푒
Δ풗 + 푆푡
(
−∇휑 + 풗 × 푩0
)
× 푩0,
∇ ⋅ 풗 = 0,
Δ휑 = ∇ ⋅ (풗 × 푩0),
(4)
where 푅푒 = 푑푉0
휈
is the Reynolds number, 푆푡 = 휎퐵20푑
휌푉0
= 퐻푎
2
푅푒
is the magnetic interaction parameter (Stuart number), 퐻푎 is the
Hartmann number, and 푑, 푉0, and 퐵0 represent the scales of length, velocity and magnetic field, respectively. This system is
widely used in theoretical investigations and accurately approximates many cases of liquid metal flows [3, 2].
The flow variables can be decomposed to a form
풗 = 푼 + 풗,
휑 = 휑0 + 휑,
푝 = 푝0 + 푝,
(5)
where 푼 , 휑0, and 푝0 are values of a steady-state solution and 풗, 휑 and 푝 are disturbances. Now the system (4) is:
휕풗
휕푡
+ (푼 ⋅ ∇) 풗 + (풗 ⋅ ∇)푼 + (풗 ⋅ ∇) 풗 =
−∇푝 + 1
푅푒
Δ풗 + 푆푡
(
−∇휑 + 풗 × 푩0
)
× 푩0,
∇ ⋅ 풗 = 0,
Δ휑 = ∇ ⋅ (풗 × 푩0).
(6)
Three types of boundary conditions may be imposed: Dirichlet, Neumann, and periodic. In the case of solid walls, zero slip
boundary conditions are set for the velocity of the main flow and the perturbation
푼 |푤푎푙푙푠 = 0, 풗|푤푎푙푙푠 = 0. (7)
If walls are perfectly electrically insulated, the boundary condition is
휕휑
휕풏
|푤푎푙푙푠 = 0 (8)
both for the base flow and the disturbance. For perfectly electrically conducting walls the condition is 휑 = 푐표푛푠푡 for the base
flow and 휑 = 0 for the disturbance. At inflow and outflow the boundary conditions for the base flow and for disturbance are
defined by the physical formulation of a problem. For example, for pipe and channel flows, they may be periodical.
3 NUMERICAL METHOD AND SOLVER IMPLEMENTATION
High-order numerical methods are the most efficient tool for laminar-turbulent transition investigations. Using these methods,
functions are approximated using Chebyshev, Legendre series, and so on. Such methods have good computational properties,
fast convergence, small errors, and the most compact data representation. But at the present time, single domain spectral methods
are applicable only for the areas of simple shapes such as rectangles, circles, triangles [4]. For more complex geometry there is
a spectral element method [5, 4].
Article [1] introduced the MHD solver which had been developed on the basis of an open source spectral/hp element
framework Nektar++ [6, 5]. In this article we describe a new feature of the MHD solver which allows modelling non-linear per-
turbations by equations (6). Figure 1 shows the scheme for the solver. The MHDSolver bases on the IncNavierStokesSolver
from Nektar++, that uses the velocity correction scheme as described in [5, 7]. At each step it impose 풗푛, 풗푛+1 and intermediate
velocity 풗̃ in case of a first-order difference scheme for time. Nektar++ can also use first, second and third order implicit schemes.
At the start of each step, the equation for the electric potential is solved, and the magnetic forces are calculated. The advective
terms are then calculated. They can be in the usual Navier-Stokes form, in the form of linear and non-linear perturbations (6).
3Explicit part
Magnetic Force
(−∇φn + vn ×B0)×B0
Electric potential
equation
∆φn = ∇ · (vn ×B0)
Advection terms
Navier-Stokes advection
(vn∇)vn
Linearised advection
(U∇)vn + (vn∇)U
Nonlinear advection
(U∇)vn + (vn∇)U + (vn∇)vn
Implicit part
∆pn+1 = ∇
(
v˜
δt
)(
∆− Reδt
)
vn+1 = −Reδt v˜ +Re∇pn+1
FIGURE 1 Solver’s modules diagram
We investigate perturbations separately from the main flow. Such calculations are more costly than for complete flow fields,
since it is necessary to calculate the advective terms three times ((푼∇) 풗, (풗∇)푼 and (풗∇) 풗). We made a comparative analysis
and find that the additonal time is about of 20 % of the total computation time.
However, this approach allows us to simplify data manipulation and operates narrower problem formulations for disturbances.
For example, it is possible to investigate the disturbances of unstable flows. The unstable flows can be calculated using stabilizing
techniques or using the steady-state solver [6].
4 EXAMPLE: THE HARTMANN FLOW
As example we consider the Hartmann flow in a plane channel. The flow is shown at Figure 2. The channel consists of two
infinite parallel planes. Viscous electrically-conductive fluid flows under the action of a constant pressure gradient along the 푥
axis. The magnetic field direction is perpendicular to the planes. The base flow is
푢(푦)
푢(0)
= cosh (푀) − cosh (푀푦)
cosh (푀) − 1
(9)
where 푢(0) is the centerline velocity.
Figure 3 shows the mesh used for the calculations. Details of the convergence are discussed in [1]. The mesh is two-
dimensional and covers the 푥 and 푦 directions. The 푧 direction is supposed to be homogeneous with length 2 and the number of
Fourier series terms is 20.
The simulation consists of two stages. In the first stage a disturbance is imposed on the flow. There are many ways to add
disturbance to a flow. One is to use the eigenfunctions of the linearized problem [8, 9]. In article [10] an another scenario of a
transition to turbulence is proposed. This scenario consists of two steps: in the first step the optimal disturbances are imposed on
the base flow, and in the second step, after some time, three dimensional small-amplitude white noise is added to the disturbance.
In this article, we will introduce disturbances by blowing fluid into the channel [9]. To do this, on the lower plane we define the
boundary condition in the form
푣푦 = 퐴푒(−1250.0(푥+3.0)
2)푒푥푝(−1250.0∗(푧−1.0)2), (10)
where퐴 is the maximal amplitude of the disturbance. Figure 4 shows the graph of the disturbance. The energy of the disturbance
depends of the amplitude 퐴 and the time of the blowing 푇 . The boundary condition at the upper plane and the inflow are zero,
while at the outflow there is the zero friction condition. The planes are electrically insulating and boundary condition is 휕휑
휕풏
= 0
on the upper and the lower boundaries. At the inflow and the outflow it is supposed that the disturbance of the electrical potential
is zero: 휑 = 0. Figure 5 shows streamlines of the disturbance at 푡 = 0.2 and 푡 = 1.2 (the total blowing time is 푇 = 2 and 퐴 = 1).
Symmetrical vortexes appear near the jet.
At the second stage of the simulation the blowing is switched off and the disturbance develops under periodical conditions
between the inflow and the outflow. Figure 6 shows energy of disturbances at푀 = 6, 푅푒 = 6000, 퐸0 = 4.0289푒 − 05 (solid
line);푀 = 15, 푅푒 = 6600, 퐸0 = 7.8457푒 − 06 (dashed line). The stability results coincide with [10]. At푀 = 15, 푅푒 = 6600
the disturbance energy decreases, the flow forms the streaks (Figure 7). At푀 = 6,푅푒 = 6000 the energy increases, the isolines
of the velocity amplitude at 푡 = 2(a), 12(b), 22(c), 32(d) are shown in Figure 8. The plane of the figure is parallel to the axis of
the channel and passes through the center of the blowing jet. Figure 9 shows the 3D isosurfaces of the Q-criteria for Figure 8(d).
45 EXAMPLE: FLOW IN A BEND
In a second example we consider the flow in a 90 degree bend. The state flow was investigated early in [11] where we found the
reverse flow in the inlet branch of the channel. Figure 10 shows the sketch of the channel: the flow is two-dimensional and the
magnetic field is directed parallel to the 푦-axis. We set the Harmann velocity (9) as the outflow condition, and the zero friction
휕풗
휕풏
= 0 as the condition at the inflow. At Figure 11 one can see the mesh (a) and streamlines (b) of the base flow at푀 = 100.
The conditions for the disturbances differ. We set 휕풗
휕풏
= 휕휑
휕풏
= 0 at the inflow and the outflow. The boundary condition on the
walls is 풗 = 0 and
휑 = ±퐴푒−50.0(푦+3.0)2푒−50.0∗(푧−1.0)2 , (11)
where the positive value is for the outer wall and the negative value is for the inner wall. The 푧-axis approximation is the same
as for the Hartmann flow as detailed in the previous example.
The isolines of the electric potential are shown in Figure 12(a). Physically, the expression (11) can be interpreted as a small
conductor separated from an electrically-conducting wall by a thin dielectric. It is possible to place conductors into a dielectric
wall using an appropriate mesh, but such formulation is incompatible with the Fourier approximation along 푧-axis, and leads to
a complete 3D problem, which may need the use of more computational resources.
For the first stage we set 푇 = 0.5. Figure 12(b) shows votricity 휔 = 50 isosurfaces and a streamline sample of the electrically-
driven disturbance at parameter values 퐴 = 8.0,푀 = 100, 푅푒 = 200 at the end of the first stage. Figure 13 presents the second
stage energy growth at 푀 = 100, 푇 = 0.5: 푅푒 = 200, 퐴 = 8.0, 퐸0 = 0.19 (solid line); 푅푒 = 100, 퐴 = 1.0, 퐸0 = 0.0027
(dashed line). At 푅푒 = 200 we observe the energy growth but in the case of 푅푒 = 100 the disturbance decreases. Graphs of the
vorticity are shown in Figure 14 at 푡 = 45,푀 = 100, 푅푒 = 200; 휔 = 0.01(a) and 휔 = 0.3(b).
6 CONCLUSION
The article proposes a novel approach to modelling the laminar-turbulent transition in magnetohydrodynamic flows. Non-linear
equations for perturbations are derived. The authors present a solver that implements the approach they propose. This method
is noticeably more expensive than calculations for the entire set of equations, but allows the researcher to investigate a more
detailed problem set-up. For example, it is possible to set the main flow analytically, set different boundary conditions for the
disturbance and the main flow, or calculate the base flow using the steady-state solvers or the stabilization techniques. Two ways
of introducing perturbations are used: blowing into the flow, and an electrical current generated disturbance.
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FIGURE 2 Sketch of the Hartmann flow
FIGURE 3 The mesh
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FIGURE 4 Graph of the disturbance at the lower boundary
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FIGURE 5 Streamline samples of the disturbance at 푡 = 0.2 (a) and 푡 = 1.2 (b)
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FIGURE 6 Energy of the disturbances at 푀 = 6, 푅푒 = 6000, 퐸0 = 4.0289푒 − 05 (solid line); 푀 = 15, 푅푒 = 6600,
퐸0 = 7.8457푒 − 06 (dashed line)
FIGURE 7 Decreasing streaks at푀 = 15, 푅푒 = 6600, velocity amplitude isosurfaces
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FIGURE 8 Turbulent motion developing at 푀 = 6, 푅푒 = 6000, initial condition(a) and developing in time (b),(c),(d),
isosurfaces of velocity amplitude
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FIGURE 9 Isosurfaces of 푄 = 0.1 at푀 = 6, 푅푒 = 6000, 푡 = 32
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FIGURE 10 Sketch of the bent channel
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FIGURE 11 The mesh (a) and the base flow streamlines at푀 = 100, 푅푒 = 200(b)
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FIGURE 12 Electric potential isosurfaces section at the center of the disturbance (a) and the disturbance vorticity isosurfaces
휔 = 50 and the streamline sample (b), all at푀 = 100, 푅푒 = 200
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FIGURE 13 Energy of the disturbances at푀 = 100, 푇 = 0.5: 푅푒 = 200, 퐴 = 8.0, 퐸0 = 0.19 (solid line); 푅푒 = 100, 퐴 = 1.0,
퐸0 = 0.0027 (dashed line)
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FIGURE 14 The disturbance vorticity isosurfaces at 푡 = 45,푀 = 100, 푅푒 = 200; 휔 = 0.01(a) and 휔 = 0.3(b)
